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We examine the appl icat ion of the var ia t iona l  Kantorovich p roce s s  for  an approximate  solu-  
tion of the two-d imens iona l  nonl inear  heat -conduct ion problem.  We provide a compar i son  
with a c o m p u t e r - d e r i v e d  solution. 

Let  the functional (MEv) be defined in some region v with the boundary  S (Fig. 1) : 

T k 

v 0 S m = l  

Let us equate the va r ia t ion  of functional (1) to zero :  

~ -  (vT)2 6T 4- ~2vTv(67")--q~L6T ] d o +  2 ~ Z  O:m - ~ -  ym6TdS = O. 

V S m 

(i) 

(2) 

By t r a n s f o r m a t i o n  and with the Os t rogradsk i i  f o rmu la  we obtain 

y,~ Of ~ 

v S m 

(3) 

Since k > 0, we come to the s t eady - s t a t e  t h e r m a l  p rob lem with boundary conditions of the genera l  type: 

V (XV T) + qo = O, (4) 

_ Tn + z, Or ~=0" (5) 
rn  

Having se lec ted  the coordinate  s y s t e m  for  the function ui(M), we will seek its approximate  solution 
among the c l a s s  of functions sa t is fying the boundary  conditions (5) in the f o r m  

Tn slu ~ + us, (6) 
i = I  

and he re  si(xt0 is de te rmined  f rom the condition of minimiz ing  the original  functional (1). 

To cons t ruc t  the coordinate  s y s t e m  we use  the function u0(N), which is a solution of the p rob lem (L 
S, D~-V): 

v (~VUo) + qo (N) = 0, (7) 

[~VUo+ V %, o,~.] = o, (s) 
[ m ~" OT J r  

in which k and fm are  r ega rded  as the function uo(N). 

F o r  the sake of de te rminacy ,  let us examine  the following p rob lem of finding the t e m p e r a t u r e  field in 
a cyl indr ica l  hea t -evo lv ing  e lement  with a r b i t r a r i l y  posit ioned sources  within the volume (Fig. 2): 
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Fig. 1. Region for which the original  functional is determined.  

Fig. 2. Theore t ica l  d iagram for  the cooling of a fuel e lement  in the case  of cyl indrical  
symmet ry .  

Fig. 3. Found axial t empe ra tu r e  dis tr ibut ion in fuel e lements  (T, ~ : 1) f i r s t  approxima-  
tion; 2) second approximation; 3) e lec t ronic  digital computer .  

V [1.o (1 § 13T) vT] + qow~ (x) ~r (r) = O, 

[r;J,~=o..~=, = o, [Zo (1 + ~r) r ;  + ,~,~r~Jr=,~ = o. 

(9) 

(10) 

It is not difficult to see that the the rmal  problem (9)-(10) is equivalent to the variat ional  problem for  
functional (1) when 

T 
[Y~I,=R = ~e' [f~lr=R = ~'oy T4(l+ ~5T)dT. 

0 

We turn  to the d imensionless  var iables  

and the notations 

T 

r X f p = ~ - ,  , = ~ - ,  t = l + 2 ~  ( l q -~T)dT  

0 

2%R 2qoR2~ 
~=~o~, q - ~  

(11) 

(12) 

The original  problem is then wri t ten  in the form 

At + qw, w o = O, 

[t;l.~=o.,=un=O, [ t ; + , , ( ~  r - -1)4]o=,=O.  

According to (6), we seek the approximate solution in the form 

(13) 

(1,4) 

r 

where  0~2i_ 1 = p2i-1 and a~. i = (1 _p)2i .  

In accordance  with our  original  idea, the function uo(P) is defined as the solution of the problem 

(OUo)' + owo = o, (16) 

[.o + , ,  (~ . 2 -  I)4Jo = ~, (17) 
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which has  the  f o r m  

Uo=--qb(P)~-C, Ch(P)=~l~w~,pd9, (18) 

w h e r e  C is a cons tan t  d e t e r m i n e d  f r o m  (17). 

Having d e t e r m i n e d  the total  hea t  r e l e a s e  q to t  in a cy l inde r  of unit length fo r  f ixed r and an a v e r a g e d  
h e a t - t r a n s f e r  coef f ic ien t  D (from the h e a t - b a l a n c e  condit ion),  we find s0(r as  the solut ion fo r  the p r o b l e m  
of a fuel  e l ement ,  i .e . ,  

~ o - -  2~So + q~,w, = o, s o (o) = ~o ( t /R)  = o. (19) 

Since the a pp rox i m a t e  solut ion is sought  among  the c l a s s  of funct ions  sa t i s fy ing  the boundary  cond i -  
t ions ,  the o r ig ina l  funct ional  (1) in the notat ion of (11) and (12) a s s u m e s  the f o r m  

I /R 1 

j' J" (4) oe,oe,. (20) 
~ 0  p = 0  

We will subs t i tu te  the e x p r e s s i o n  fo r  t n f r o m  (15) into the app rop r i a t e  min imiza t i on  of funct ional  (20), we 
will  in tegra te  with r e s p e c t  to p, and we will  in t roduce  the d i m e n s i o n l e s s  coeff ic ient  of the Eu le r  s y s t e m  
of equat ions  

1 i I 

0 0 0 

1 

0 

1 1 

e, =.[ (.;% +  e,o. hi =.[ + 
0 0 

(21) 

Af te r  in tegra t ion  we tu rn  to the o n e - d i m e n s i o n a l  funct ional  which mus t  ach ieve  a m i n i m u m  fo r  the 
f ami ly  of funct ions  d e t e r m i n e d  f r o m  the s y s t e m  

Z(ah~s;--bh~si)=%; i, k = l ,  2 . . . . .  n - - l ,  (22) 
i 

w h e r e  Ck = dkS0 § hk - qckwr - fks0 ' is a known function.  

With th is  se lec t ion  of s o we can a s s u m e  that  

(s2i_l/%)m<< 1 (m = 2, 3 . . . .  ). (23) 

Then, subs t i tu t ing  (15) into (14), with c o n s i d e r a t i o n  of (23) we obtain the c los ing  condi t ion which is l i nea r  

with r e s p e c t  to s2i_ 1. 

As an example  we d e t e r m i n e d  the t e m p e r a t u r e  d i s t r ibu t ion  in a fuel e lement .  This was  c o m p a r e d  with 
the solut ion obtained on a digi ta l  c o m p u t e r .  The r e s u l t s  shown in Fig.  3 show that  the a c c u r a c y  is suff ic ient  
fo r  eng inee r ing  ca lcu la t ions  (3-4%). 

N O T A T I O N  

T is the t e m p e r a t u r e ;  
1~, l a r e  the r ad ius  and the length of the cy l inder ;  
x, r a r e  the axial  and r ad ia l  coord ina tes ;  

is the coeff ic ient  of t h e r m a l  conduct ivi ty;  
q is the spec i f i c  heat  r e l e a s e ;  
f, y a r e  funct ions  c h a r a c t e r i z i n g  the f o r m  of the boundary  condit ions;  
w is a funct ion c h a r a c t e r i z i n g  the d i s t r ibu t ion  of the in terna l  sou rces ;  
u is a coordinate function; 
s is the minimizing function; 
t is the d i m e n s i o n l e s s  funct ion of t e m p e r a t u r e ;  
r p a r e  d i m e n s i o n l e s s  axial  and rad ia l  coord ina tes ;  
r is the reduced radiation factor. 
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S y m b o l s  

0 denotes initial; 
x, r denote axial; 
r,  p denote radial;  
v denotes volume. 

1, 
2. 
3. 
4. 
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